We present a 2D finite-difference frequency-domain method for modeling viscoacoustic wave propagation in TTI media. The numerical method relies on a parsimonious staggered-grid method implemented in the frequency domain. Differential operators are discretized along different rotated coordinate systems (the classic Cartesian one and a 45 o rotated one) with second-order accurate staggered-grid stencils. The resulting discrete operators are combined linearly to mitigate numerical anisotropy. An anti-lumped mass strategy is applied to mitigate numerical dispersion. A dispersion analysis for infinite homogeneous media suggests a discretization rule of 5 grid points per wavelength. Numerical tests confirm the accuracy of the stencil.
INTRODUCTION
One of the most challenging task in exploration seismology is to estimate, with a required level of accuracy, the propagation velocities of seismic waves within the earth. Accurate velocity information is the basis of many processing and interpretation situations such as oil reservoir characterization, nuclear residuals storage and natural hazard assessment. For instance, it is well known that during the depth migration process, errors in the velocity macro-model not only misrepresent the depth of reflectors but also distort their images and modify their amplitudes (a serious restriction to perform quantitative imaging). In addition, many authors underlined also the fact that "conventional isotropic methods for seismic data processing are subject to errors in transversely isotropic media (TI) media. This will result in lower resolution and misplaced images of subsurface structures" (Zhou et al., 2006) . For industrial applications (i.e. productiondelineation of reservoirs) as well for academic studies (i.e. seismogenic zone analysis at crustal scale) it is necessary to take into account for a more general kind of seismic anisotropy in order to reproduce as well as possible real geological features such as regional fractures and cracks, isotropic heterogeneity or layering, metamorphic foliations (in fault zones). In other words, material tilt in any orientation (commonly referred to as TTI = Tilted Transverse Isotropy) need to be used in order to describe realistically and with accuracy seismic wave propagation in earth models (Okaya and McEvelly, 2003; Zhou et al., 2006) . To model seismic wave propagation in anisotropic media, one can solve the wave equation with numerical methods such as finite difference (FD), finite element and pseudo-spectral methods (Igel et al., 1995; Carcione, 1999) . Alkhalifah (1998) showed that his acoustic VTI wave equation yields a kinematically accurate approximation of P-wave propagation. Zhang et al. (2005) present an extension of Alkhalifah (1998) and Alkhalifah (2003) finite-difference modeling of wave propagation in acoustic tilted TI media. Saenger and Bohlen (2004) presented finite-difference modeling of viscoelastic and anisotropic wave propagation using the rotated staggered grid. Zhou et al. (2006) proposed an interesting anisotropic acoustic wave equation for modeling and migration in 2D TTI media in the time domain. In this paper, we implemented the equation of Zhou et al. (2006) in the frequency domain as a tool to perform frequency-domain fullwaveform inversion for imaging anisotropic complex structures. The numerical scheme is based on the mixed-grid approach of Jo et al. (1996) that was recast in a parsimonious staggered-grid method by Hustedt et al. (2004) . The mixed-grid approach of Jo et al. (1996) consists of discretizing the differential operators of the wave equation on different coordinate frames (the classic Cartesian one and the rotated one) and to combine linearly the two resultant discretized wave equations to mitigate numerical anisotropy. Second, the mass term is averaged over the grid points of the stencil to mitigate numerical dispersion. The discretization strategy of Hustedt et al. (2004) is based on second-order accurate staggered-grid stencils applied to the wave equation written as a velocity-stress system of first-order hyperbolic equations. After discretization, auxiliary wavefields (velocity wavefields in the acoustic case) are eliminated from the system to end up with the second-order (Helmholtz) wave equation following a parsimonious strategy originally developed in the time domain (Luo and Schuster, 1990) . The equation of Zhou et al. (2006) can be easily discretized with staggered-grid stencils on the 45 o rotated system (Grini et al., 2007) . On the other hand, we found that the equation of Zhou et al. (2006) was not consistent with a staggered-grid geometry on the Cartesian coordinate system because of cross-derivative terms resulting from tilted anisotropy. To overcome this problem, we applied bilinear interpolation to the wavefields on the Cartesian system. A classic harmonic dispersion analysis suggests that this interpolation didn't affect the accuracy of the mixed-grid stencil. This statement was verified numerically with numerical simulations in homogeneous and heterogeneous media.
THEORY
The TTI equation of Zhou et al. (2006) We start from the modified 2D acoustic wave equation for TTI anisotropic media proposed by Zhou et al. (2006) 
θ 0 is the angle of the symmetry axis. ε and δ are Thomsen dimensionless anisotropic parameters (Thomsen, 1986) . κ 0 is the bulk modulus along the symmetry axis. p is the pressure wavefield and q is an auxiliary wavefield introduced to reduce the original fourth-order differential equation to a system of second-order differential equations (Zhou et al., 2006) . The first equation governs the propagation of the wavefront (elliptical part) and the second one compensates for loss of anisotropy for TTI media not only in the lateral but also in the depth directions. The particular case θ 0 = 0 o and θ 0 = 90 o degenerate into equations for VTI and HTI media respectively. The case ε = δ degenerates into a single second-order differential equation for elliptic media.
Compared to the equations 7 and 8 in Zhou et al. (2006) , we replaced the velocity v 0 by the bulk modulus and introduced heterogeneous buoyancy b in the operators H and H 0 .
In order to implement the parsimonious staggered-grid method, we introduced 4 auxiliary wavefields p x , p z , q x and q z to transform the original system of second-oder differential equations into a system of first-order differential equations. We took the Fourier transform with respect to time and introduce damping functions ξ (x) and ξ (z) for PML absorbing boundary conditions (Berenger, 1994; Hustedt et al., 2004) .
where
ω . γ functions are 0 into the non absorbing medium and increase smoothly in the attenuating PML layers.
The new set of variables in equation 3 are defined by
Finite-difference discretization of the TTI equation We describe here the discretization strategy following the parsimonious mixed-grid method of Hustedt et al. (2004) .
Rotated stencil
Equation 3 was first discretized on the 45 o rotated coordinate system (x',z') using second-order accurate staggered-grid stencils ( Figure 1a ). The first-order differential operators with respect to the Cartesian coordinates (x,z) are first replaced in equation 3 by the differential operators with respect to the rotated coordinates (x',z') (Saenger et al., 2000; Grini et al., 2007) ∂ p
Second, the following second-order accurate centered stencils are used for the rotated differential operators
The geometry of the stencil is shown in the Figure 1a . Note that the p and q wavefields stand on the same computational grid.
Cartesian stencil
Second, the first-order differential operators in equation 3 are discretized along the Cartesian x-and z-axis using the following stencils
The geometry of the stencil is shown in the Figure 1b . Note that equation 3 is not consistent with the staggered-grid geometry on the Cartesian coordinate system in the sense that interpolation of the p and q wavefields is required in the middle of the FD cell. This results from the cross derivatives in the operators H and H 0 associated with the tilt around the symmetry axis. To interpolate the wavefields in the middle of the cell we used a simple bilinear scheme consistent with secondorder accurate staggered-grid stencils.
Figure 1: a) Geometry of the staggered-grid stencil on the rotated coordinate system (x',z'). b) Geometry of the staggered-grid stencil on the classic Cartesian coordinate system. Note that interpolation of the p and q wavefields is required in the middle of the FD cell.
The parsimonious mixed grid approach Once equation 3 was discretized on the two coordinate systems, the auxiliary wavefields p x , p z , q x and q z are eliminated from the two discrete systems to end up with two systems of discretized secondorder wave equations in p and q. To minimize numerical anisotropy, the two systems of equations are combined linearly according to the mixed-grid strategy of Jo et al. (1996) . In a second step, we spread the mass term at the collocation point on each node of finite-difference stencil following an anti-lump mass approach (Marfurt, 1984) . This trick allows to minimize numerical dispersion without increasing the order of accuracy of the stencils.
In compact form, the mixed-grid equation without mass averaging corresponding to equation system 1 can be written as
where Γ 1 , Γ 2 and Θ 1 , Θ 2 denote the discretized differential operators on the rotated coordinate system and on the Cartesian coordinate system respectively. The coefficient w 1 controls the respective weight of the rotated and the Cartesian stencils.
The mass term at the collocation point is replaced by its weighted average over the 9 grid points involved in the mixed-grid stencil using the following expression
. P i+1, j + P i−1, j + P i, j+1 + P i, j−1
The mass term averaging introduces two additional independent coefficients (w m1 and w m2 ).
After discretization, equation system 1 can be recast more compactly in matrix form as To solve this system, we use the massively parallel direct solver MUMPS (Amestoy et al., 2006) .
DISPERSION ANALYSIS
The grid dispersion analysis is performed by classic harmonic analysis. We assume a constant density equal to 1, a homogeneous anisotropic media, a uniform grid spacing in the x and z directions,
To determine the dispersion relation, a discretized harmonic plane wave is used
where k is the wavenumber, h is the grid interval and φ is the incidence of the plane wave.
By substituting the plane wave solution in the mixed-grid equation, one obtains a linear system of two equations with two unknowns P and Q. The determinant of this system must equal zero leading to a quadratic equation in ω. The two solutions of the characteristic polynomial give the phase velocity for p and q. The phase velocity for p can be normalized by the exact phase velocity of pressure wave field in anisotropic TTI media given by Zhou et al. (2006) 
We obtained an expression of the normalized phase velocityṽ ph which depends on the weighting coefficients w m1 , w m2 and w 1 , on the number of grid points per wavelength G, on the incidence angle of the plane wave φ and on the anisotropic parameters δ , ε and θ . We computed the coefficients w m1 , w m2 and w 1 which minimized the numerical dispersion using the following cost function
with the function f defined as f (G, φ , δ , ε, θ ) = 1 −ṽ ph . (Sen and Stoffa, 1995) . We found the following coefficients w m1 = 0.6287326, w m2 = 0.3712667 and w 1 = 0.4382634. The phase velocity dispersion curves are shown in Figure 2 for the 45 o rotated staggered-grid stencil, the Cartesian staggered-grid stencil, the mixed-grid stencil without and with mass averaging for φ = 0 o , 15 o , 35 o and 45 o . The dispersion curves suggest that 5 grid point per wavelengths will be enough to provide accurate simulations. A map of the relative error of the phase velocity as a function of the incidence angle of the plane wave is shown in Figure 3 .
Figure 2: Phase velocity dispersion curves for the rotated staggeredgrid stencil (a), the Cartesian staggered-grid stencil (b), the mixed-grid stencil without (c) and with (d) mass averaging. Note that comparison between (a) and (b) reveals that the rotated staggered-grid stencil is less affected by numerical anisotropy than the Cartesian one but is more affected by numerical dispersion due to increased spatial support of the stencil ( √ 2h versus h). Note also how the numerical anisotropy was mitigated in (c) with respect to (a) and (b) thanks to the combination of the two stencils and how the numerical dispersion was mitigated in (d) with respect to (c) thanks to the mass averaging. 
NUMERICAL EXAMPLES
To verify the accuracy of the mixed-grid stencil, we computed simulations in a homogeneous VTI media for the following parameters: V p = 4000m/s, ρ = 2000kg/m 3 , Q = 10000, δ = 0.1 and ε = 0.5. The modeled frequency is 4 Hz leading to propagation wavelength of 1 km in the vertical direction. We computed two simulations for a grid interval of 40 m and 160 m corresponding to 25 and 6.25 grid points per wavelength respectively. Both the rotated staggered-grid stencil (corresponding to w m1 = 1., w m2 = 0. and w 1 = 1.) and the mixedgrid stencil with mass averaging were used. Vertical graphs extracted from the monochromatic wavefields are compared in Figure 4 . The mixed-grid stencil provides accurate solutions for h = 160m ( Figure  4a ) while the rotated staggered-grid stencil provides accurate solution for h = 160 m only (compare Figures 4b and 4c) . Figure 5 summarizes the different kind of anisotropies which are implemented in our finite-difference code (isotropy, elliptic, tilted elliptic, VTI and TTI). The FD simulations of Figure 5 were computed for the parameters mentioned above and for a tilt of 45 o . A simulation computed in the corner-edge model is shown in Figure 6 . The model is composed of two homogeneous half-spaces separated by a horizontal and vertical interfaces. The properties of the upper-left and of the bottom-right media are V p = 2000m/s, ρ = 2000kg/m 3 , Q = 50, δ = 0.15, ε = 0.5, θ = 30 o and V p = 3000m/s, ρ = 2200kg/m 3 , Q = 300, δ = 0.1, ε = 0.25, θ = 60 o respectively. The grid dimensions are 601 x 601 and the grid interval is 80 m. The modeled frequency is 4 Hz. The simulation was computed for VTI ( Figure 6a ) and TTI media ( Figure  6b ). Note that we observed instabilities of PML for TTI media when the number of grid points per wavelength is significantly higher than 5 (not shown here). These artefacts have prevented computation of time-domain synthetic seismogram so far and will be investigated in future work. The black curves correspond to a reference solution computed with the mixed-grid stencil and h = 40 m. Note that the observed wavelength matches well the true one (1 km). In gray, we plotted the monochromatic wavefield computed with the mixed-grid stencil and h = 160 m (a), with the rotated staggered-grid stencil with h = 160 m (b) and with the rotated staggered-grid stencil with h = 40 m (c). Note the good agreement in (a) highlighting the accuracy of the mixed-grid stencil with mass averaging and the numerical dispersion in the solution computed with the rotated stencil in (b) when a coarse grid is used.
CONCLUSIONS
We presented an efficient finite-difference frequency-domain method for 2D modeling of acoustic wave propagation in TTI anisotropic media. Dispersion analysis and numerical tests suggest that 5 grid points per wavelength are enough to obtain accurate simulations. The discretization strategy relies on a parsimonious mixed-grid method that was initially developed for the isotropic acoustic wave equation. We developed this method as a tool for frequency-domain full-waveform inversion of global-offset data for imaging anisotropic media. Implementation of a frequency-domain full-waveform inversion code for imaging 2D TTI anisotropic media will be the aim of future work.
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